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Abstract. Wc give an explicit formula for the shuffle relation in a general double shuffle 
framework that specializes to double shuffle relations of multiple zeta values and multiple 
polylogarithms. As an application, we generalize the well-known decomposition formula 
of Euler that expresses the product of two Riemann zeta values as a sum of double zeta 
values to a formula that expresses the product of two multiple polylogarithm values as a 
sum of other multiple polylogarithm values. 
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1. Introduction 
The decomposition formula of Euler is the equation 

(1) C(r)C(^) = E ('TO ^^"^ + k,s-k) + Y, ('''I'') C{s + k,r-k), r,s^ 2, 

fc=0 ^ ^ k=0 ^ ^ 

expressing the product of two Riemann zeta values as a sum of double zeta values. In this 
paper we generalize this formula in two directions, from the product of one variable functions 
to that of multiple variables and from multiple zeta values to multiple polylogarithms. 
In fact, we obtain our formula in a general setting of shuffle algebras and quasi-shuffle 
algebras in order to provide a natural framework to treat these special values uniformly 
and to connect our generalization with the extended double shuffle relations of multiple 
zeta values. 

To motivate our generalization, we explain the relationship between Euler's formula and 
the double shuffle relations of multiple zeta values. Multiple zeta values (MZVs) have been 
studied quite intensively since the early 1990s [20l [30] involving many areas of mathemat- 
ics and physics, from mixed Tate motives [HI [29] to quantum field theory [9]. Especially 
interesting are the algebraic and linear relations among the MZVs. Because of the repre- 
sentations of an MZV as an iterated sum and as an iterated integral, the multiplication 
of two MZVs can be expressed in two ways as the sum of other MZVs, one way following 
the quasi-shuffle (stuffle) relation and the other way following the shuffle relation. 
The combination of these two relations (called the double shuffle relations) generates 
an extremely rich family of relations among MZVs. In fact, as a conjecture, all relations 
among MZVs can be derived from these relations and their degenerated forms, altogether 
called the extended double shuffle relations [23|,[27]. A consequence of this conjecture 
is the irrationality of ({n) for all odd integers n ^ 3. 
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Naturally, determining all the extended double shuffle relations is challenging and the 
efforts have utilized a wide range of methods. One difficulty is that the shuffle relations 
have not been explicitly formulated in terms of the MZVs. For example, to determine the 
double shuffle relation from multiplying two Riemann zeta values ({r) and C{s), r, s ^ 2, 
one uses their sum representations and easily gets the quasi-shuffle relation 

(2) ar)C{s) = C(r, s) + ({s, r) + C(r + s). 

On the other hand, to get their shuffle relation, one first uses their integral representations 
to express ({r) and ({s) as iterated integrals of dimensions r and s, respectively. One then 
uses the shuffie relation (or more concretely, repeated applications of the integration by 



parts formula) to express the product of these two iterated integrals as a sum of 



r+f 



iterated integrals of dimension r + s. Finally, these last iterated integrals are translated 
back to MZVs and give the shuffle relation of ({r)({s). Explicitly, this shuffle relation is 
precisely the formula of Euler in Eq. ([1]). Then together with Eq. ([2]), we have the double 
shuffle relation from ((r) and C{^)- See the recent papers [H HI [12] for the proofs of Euler's 
formula and see |8l [31] for its generalizations to double g-zeta values. For the applications of 
the double shuffle relation in this special case, we refer the reader to [12] on the connection 
of double zeta values with modular forms, and to [26] on weighted sum formula of double 
zeta values. 

In general, even though the computation of the shuffle relation can be performed re- 
cursively for any given pair of MZVs, an explicit formula is missing so far. As the above 
example shows, such an explicit formula not only provides an effective way to evaluate the 
shuffle relation, but also is important in the theoretical study of MZVs, especially the dou- 
ble shuffle relations. There are several families of special values in addition to MZVs, such 
as the alternating Euler sums [2], the polylogarithms and multiple polylogarithms [3l [T3]. 
especially at roots of unity [27], where the double shuffle relations are also studied [5| [27l[3^ . 
but are less understood. Such an explicit formula for these values should also be useful to 
their study. 

In this paper, we prove an explicit formula for the shuffle product in a general double 
shuffle framework. Consequently we obtain explicit shuffle formulas for the product of 
any two MZVs, alternating Euler sums and multiple polylogarithms, thereby generalizing 
Euler's formula. As a concrete example, we obtain, for integers ri, si ^2 and S2 ^ 1, 



(3) ari)asi,s2) = j2 _jc(ti,t2,.2)+5^ 



ti+t2=ri+si 



tl+t2+t3 
=ri+si+S2 



t2~l 

S2"h 



t2~l 
S2~l 



As another instance, for integers ri, Si ^ 2 and r2, S2 ^ 1, we have 

C{.'rur2)C{.SuS2) 



E 



ri — 1 / \ r2 — 1 



C(tl,t2,i3,S2) + E 



tl>2,t2,t3>l 



Si — 1 / \ S2-1 



(4) 



ti+t2+t-j,=ri+r2+si 

+ E 

il^2,t2,t3:*4^1 . 
tl+t2+ta+t4.= 
ri+r2+si+S2 



il+t2+i3=ri+Si+S2 



\ I t2-l 
ri-1 / \ ti+t2-ri-si 



S2-t4 / \ S2-1 
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We hope this framework can be further extended to deal with other generalizations of 
multiple zeta values that have emerged recently, such as the multiple g-zeta values [TJ [31] 
and renormalized MZ Vs [HI [191 [2S] • 

The organization of the paper is as follows. In Section [2l we first describe the algebraic 
framework of double shuffle algebras. We then give our main formula in two variations 
(Theorem 12.11 and Theorem 12. 2p . Theorem 12.11 is more general and easier to prove. The- 
orem 12.21 is more convenient for applications to multiple polylogarithm values and MZVs 
(Corollary 12.41 and Corollary 12.51) . There we also provide some examples. The proofs of the 
main theorems are quite long. So several lemmas are first proved in Section [31 Then these 
lemmas are applied in Section [4] to prove the main formula by induction. As an appendix, 
Section [5] includes a shuffle product formulation of the main formula. 

Acknowledgements: Both authors thank the hospitality and stimulating environment 
provided by the Max Planck Institute for Mathematics at Bonn where this research was 
carried out. They also thank Don Zagier and Matilde Marcolli for suggestions on an earlier 
draft and for encouragement. The first author acknowledges the support from NSF grant 
DMS-0505643. 

2. The main theorems, applications and examples 

We first set up in Section 12.11 a framework of general double shuffles to give a uniform 
formulation of the double shuffle relations for multiple zeta values, alternating Euler sums 
and multiple polylogarithms. We then state in Section 12.21 our main formula in two varia- 
tions in this framework. Applications to the aforementioned special values are presented in 
Section 12. 3[ Computations in low dimensions and examples are provided in Section 12. 4[ 



2.1. The general double shuffle framework. We formulate the framework to state 
our main theorems in Section 12. 2[ See Section 12.31 for the concrete cases that have been 
considered before [3l [131 [211 [23 [32] . 

We first introduce some notations. For any set Y, denote M{Y) for the free monoid 
generated by Y. Let J{{Y) be the free abelian group ZM(y) with M{Y) as a basis but 
without considering the product from the monoid M{Y). When ^{Y) is equipped with an 
associative multiplication o, we use 3i°{Y) to denote the algebra {'K{Y), o). 

Let G be a given set. Define 

G = {xo} U{xb\b eG} 

to be the set of symbols indexed by the disjoint set {0} UG. Then the shuffle algebra [211 [2H] 
generated by G is 

(5) J{"'(G) := (ZM(G), m) 
where the shuffle product m is defined recursively by 

{aio} m (bib) = ai(om (61b)) + bi{{aia) m b), ai, 61 G G, a, b G M{G) 
with the convention that lmb = b = bml for b G M(G). Define the subalgebra 

(6) J{T(G) := Z © ( ©b6G "K"^ (G)xb) C (G). 
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For the given set G, let G be the set product 

G ■.= Z^ix G = {w := ["^] \ s eZ^i,beG}. 

We will denote the non-unit elements in the free monoid M(G) by vectors 

-^-i"—"!" [:;:::] = [J] 

and denote [ui, [1/2, ■ ■ ■ , i^k]] = [i^i, 1^2, ■ ■ ■ , i^k]- Consider the free abelian group 

:K{G) := ZM{G) = Zz7, G° = {1}. 

As in the case of the shuffle algebra from MZVs, elements of !Kf{G) of the form 

XQ^~^XbiXQ'~^Xb2 ■ ■ '^o^'^^b^i Si ^ l,bi G G,l ^ i ^ k,k ^ 1, 

together with 1, form a basis of 'K^{G). Since CK(G) with the concatenation product is the 
free non-commutative algebra generated by G, there is a natural linear bijection 

(7) p : :kt(G) ^ :k(G), ■ ' ], 1^1. 

Through p, the shuffle product m on 'K^{G) defines a product on 'K{G) by 

(8) jlmpiJ := p{p~^{jl)mp^^{ij)), p, z7g:K(G). 

Following our notations, we use "K^p (G) to denote this algebra. 

Now assume that G is a multiplicative abelian group. Equip G = Z^i x G with the 

abelian semigroup structure by the component multiplication: [ *M ■ [ ] = [ ^^"""^^ 1 _ 

21 '-22 2122 

Then we define the quasi-shuffle algebra [22] on G to be 

(9) := (ZM(G),*) 
where the multiplication * is defined by the recursion 

[pi, p'] * [z/i, u'] = [pi, (p' * [ui, u'])] + [ui, [/ii, p'] * u'] + [(/ii ■ z/i), p' * i7'], 

pi, z^i G G, /2', z7' G M(G), with the initial condition that I*z7=z7=i7*l for u G M{G). 
See [ini [T71 [22] for its explicit description and its structure. 
We define a linear bijection 

(10) e::K*{G)^%*{G), A"'"' 'ii ] 

whose inverse is given by 

(11) 0-^ : :k*{G) ^ :k*{G), [ ]^[ ^ -^2,-,^ ^ 



Zl ' Zl zo 
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Note that the action of 9 is defined by an action on the second row of elements in 'K*{G) 
which is again denoted by 9: 

(12) 

The composition of p and 9 gives a natural bijection of abelian groups (but not as 
algebras) 

(13) r/ : %^{G) ^ %*{G), ■ --xl'-'^H ^ [ j^^'hT^ ] 

whose inverse is given by [ ] Xq'~^x^~iXq''~^X(^^^^^)-i ■ ■ ■ a;o'=~^X(^^...^^^)-i. 

Through rj, the shuffle product m on ^^{G) transports to a product on CK(G), 
resulting a commutative algebra !K^'^ (G) = (J{(G), ). More precisely, for /I, G ^K(G), 

(14) flm^u ■.= r]{ri~\fl)mri-\i7)). 

Then we have the following commutative diagram of commutative algebras: 



V 




(15) :Ki^(^i) — - jc^s^^i) — - :K'fpis^) 

The purpose of this paper is to give an explicit formula for /Iiu^i/ (Theorem 12.21) which 
naturally gives shuffle formulas for MZVs, MPVs and alternating Euler sums. However, 
as we will see later, for the proof of this formula, it is more convenient to work with its 
variation (Theorem 12.11) for the product mp since it is more compatible with the module 
structure on 'K*{G). This approach also allows us to obtain a formula without requiring 
that G is a group, further extending its potential of applications that will be discussed in 
a future work. 



2.2. The statement of the main theorems. We first introduce some notations. For 
positive integers k and i, denote [k] = {!,■■■ ,k} and [k + 1, k + i] = {k + 1, - ■ ■ ,k + i}. 
Define 



(16) V= (V^,^) 



ip : [k] ^ [k + i], ip : [i] ^ [k + £] are order preserving 
injective maps and im(</?) U im{ilj) = [k + i] 

Let a G G'^, b G G^ and {(p,^^) G "Jk/- We define aiu(^^^)6 to be the vector whose ith 
component is 

(17) (am(^,^)fe), = ^l^. |[ 5 I ^l^-] = a^-^ii)h-'(i), l^i^k + i, 

with the convention that = = 1. 

Let r = (ri, • • • , r^) G Z^^, s = (si, ■■■ ,si) G and t = (ti, ■■■ , tk+t) G Z^j^^ with 
|r| + |s| = Here |r| = ri + ■ ■ ■ + and similarly for |s| and Denote Ri = ri + ■ ■ ■ + ri 
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for i e [k], Si = Si-\ h Si for z G [i] and = ti H \- U for i e [k + i]. For i e [k + 

define 

Tj if i = if{j) 



witli tlie convention tliat rg = S0 = 1. 
Witli tliese notations, we define 



Sj if i 



(19) 





) 








U-l 




m\~ 






i 









if z = 1, if i — 1, 2 G im{if) 
or if 2 — 1, 2 G im('?/'), 



otherwise. 



Denote 
(20) 



n 



"r,s 



C;,'^ '{1} = 
1 = 1 j = l j = l 



Now we can state tlie first variation of our main formula. 
Theorem 2.1. Let k,£ be positive integers. Let G be a set and let 'K™'' (G) = {'K{G), uip) 
be the algebra defined by Eq. Then for [ ] G G'"' and [ 1 ] G G^ in J-C^p (G), we have 



E 



c. 



(21) 



] 



E n 



k+e 



i=l 



where c^^g'^\i) is given in Eq. / figj) and aui(^^^^^b is given in Eq. p^ . 

For the purpose of apphcations to MZVs and multiple polylogarithms, we give an equiv- 
alent form of Theorem 12.11 under the condition that G is an abelian group. For w ^ G^ and 
^ G G^, we define 



(22) {w-k(^^^^)Z)i = < 



Wj 

Wl---Wj 
^1 '"^i — j 



a i = ip{j) and either i=lor? — iG im((^), 
if z = and either i = lorz — iG im(<yc), 
if 2 = if{j) and i — 1 G im('?/;), 
if z = and z — 1 G im{ip). 



Theorem 2.2. Let k,i be positive integers. Let G be an abelian group and let [G) = 
{'K{G), uirj) be the algebra defined by Eq. [T4\ )- Then for [\] G G'^ and [ ] G G^ in 
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^{"'"((5), we have 



(23) 



/ J r,s 

^*ez^+^|^I=|rl+N 



E n 



%\',\A=\A+\A 



k+e 



i=l 



where c^^g''^\i) is given in Eq. / fiPj) and w-k(^^^^)Z is given in Eq. ^2^1 . 

We will next give applications and examples of Theorem 12. 21 in Section [273] and Section [2^ 
Theorem 12.21 will be shown to follow from Theorem 12.11 in Section 14. and Theorem 12.11 
will be proved in Section 14. 2[ Preparational lemmas will be given in Section [31 



2.3. Applications. In this section, Theorem 12.21 is specialized to give formulas for multi- 
ple zeta values, alternating Euler sums and multiple polylogarithms. We start with mul- 
tiple polylogarithms and then specialize further to MZVs and alternating Euler sums. In 
Section 12.41 we demonstrate how to apply these formulas by computing examples in low 
dimensions. 



2.3.1. Multiple polylogarithms. A multiple polylogarithm value (MPV) [31 [131 E] is 

defined by 



(24) Us,,..,s,{zi,--- ,Zk):= ^ 



^1 ■ ■ ■ ^fc 



n/ ■ ■ - n^" 



where \zi\ ^ 1, Sj G Z^i, 1 ^ i ^ k, and {si,Zi) ^ (1,1)- When 2^ = 1, 1 ^ i ^ /c, we 
obtain the multiple zeta values C("Si5 ■ ■ ■ iSk) that we will consider in Section [2.3.21 More 
generally, the special cases when Zi are roots of unity have been studied [21 ISl HH [21] in 
connection with high cyclotomic theory, mixed motives and combinatorics, and have been 
found in the computations of Feynman diagrams jlUj . 
With the notation of [3], we have 

(25) Lw.,,(.i,---,^.)-A( ^^^...^^J.- 2. n-n-.-.n- ' 

where (61, ■ ■ ■ , 6^) = 9~^{zi, ■ ■ ■ , Zk) = {z^^, {ziZ2)~'^, ■■■ , (^i ■ ■ ■ Zk)~'^). 



Here 9 is as defined in Eq. ( [1211 . 

The product of two sums representing two MPVs is a Z-linear combination of other such 
sums. So the Z-linear span of these values is an algebra which we denote by 

MPV = Z{Us,,..,s,{zi,--- ,Zk) I SieZ^i,\zi\ ^ l,(si,zi) 7^ (1,1)}. 
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In the framework of Section 12.11 and Section \2.2\ take G to be the multiphcative abehan 
group := {z E \ \z\ = 1}, and consider the subalgebra 

Then 'K*(G) coincides with the quasi-shuffle (stuffle) algebra [HI [27] encoding MPVs, and 
the multiphcation rule of two MPVs according to their sum representations in Eq. ( l24l) 
follows from the fact that the linear map 

Li* : J{*o{S') ^ MPV, [ '"-y ] ^ Li,,,..,,,(^i,-- - 



zi,--- ,Zk 



is an algebra homomorphism. 

We also consider the shuffle algebra J-C™ (S^) and its subalgebras 

:KSf(5T) := Z © ( ©a,fee{o}u5i,a^i,6^o x,:K'^ (S^)x,) 

They agree with the shuffle algebras [I3l [27] encoding MPVs through their integral repre- 
sentations [31 [131 [27] 

(26) Lis,,...,sfe(2i, ■■■ ,Zk) - ' ' ' 

Here 



Jo Jo /iK) M{u\s\)' 



, . ^ , [zi---Zi) ^ -Uj if j = Si H \- Si,l ^ i ^ k, 

^' I Uj otherwise. 



It takes a simpler form in terms of A( ' ) thanks to Eq. ( I25l) : 



bi,---,h Jo Jo Jo Qiiui) 9\s\iuis\)' 
as commented in the introduction of [3]. Here 



hi — Uj if j = si + ■ ■ ■ + Sj, 1 ^ z ^ /c, 
Mj otherwise. 



The multiplication rule of two MPVs according to their integral representations in Eq. (1271) 
follows from the algebra homomorphism [31 §5.4] 

Li- : J{?;(5^) ^ MPV, xl'-\,, ■ --x^o'-'xt, ^K'h'"''T )• 

The algebra isomorphism p : 'K^{S^) CK™'' (S*^) in Eq. ([7]) restricts to an algebra 
isomorphism 

p : :K^(S^) ^ IK'S^^^), xl^-'xt,, ■ --xl^-'x,^ ^ [ I" ]. 

bi, 62, ••• , Ok 



EXPLICIT DOUBLE SHUFFLE RELATIONS AND EULER'S FORMULA 9 

Similarly the algebra isomorphisms rj : J{™ (S^) (S^) in Eq. ([13]) and ^ : [K™" (S^) 

•j^uir, ^^1^ f[TOl) restrict to algebra isomorphisms 

Define 

(28) Li'"" : IK'S^^i) ^ MPV, M^' -'^M A( ' ' ' ' 
and 

(29) Li-^ ■.:K7{S')^MPV, ^ Us,,.., sMr--,Zk). 

Then we can organize these maps into the following commutative diagram extending the 
commutative diagram in f[T5|) : 




Li " 

MPV'^ 

where the commutativity of the left triangle follows from the definitions of the maps and 
that of the right triangle follows from Eq. (125|) . Since Li"' is an algebra homomorphism 
and p and rj are algebra isomorphisms, it follows that Li""" and Li™'' are also algebra 
homomorphisms. 

Therefore, applying Li™" to the two sides of Eq. (121 p in Theorem 12.11 we obtain 
Corollary 2.3. Let k,i be positive integers. Let f G iJi,^ and s G Z^i- Let a = 

(ai,-- - ,afc) G (S^)'' andb= (6i,-- - ,be) G (S^Y such that [[' ] 7^ [[] and ['^' ] [^^]. 



where c^^g''^\i) is given in Eq. [W\) and am(<^^^)6 is given in Eq. ([7^. 

Similarly, applying Li™'' to the two sides of Eq. (1231) in Theorem 12. 2^ we obtain 
Corollary 2.4. Let k,i be positive integers. Let f G and s G Z^^^. Let w = 

(wi, ■ ■ ■ ,Wk) G (S^Y and z = (zi, ■ ■ ■ ,Zi) G (S^Y such that \ ] 7^ \ ^ ] and \ ] 7^ 
[ I ] . Then 

k+e 

^ez^+^|^l=|rl+|s| {v',^)&k,i «=i 
where c^^^g'^\i) is given in Eq. / f7P|) and w-k(^,^i,)Z is given in Eq. 
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See Section 12.41 for examples in low dimensions. 

2.3.2. Multiple zeta values and alternating Euler sums. Taking = 1, 1 ^ z ^ r, in 
Lisi,...,s^(zi, ■ ■ ■ ,Zk) defined in Eq. fl24|) and the corresponding integral representation in 
Eq. ( l26l) . we obtain the MZV and its integral representation: 

C(si,--- : = ^s,^__s. 



■ ■ - Uf. 

"1=^-1 dui du\^ 



Jo Jo fl^i^isi) 
for integers ^ 1 and Si > 1. Here 

f./^\^f if J = ■51, si + S2, ■ ■ ■ ,si H hSfc, 

^' y Uj otherwise. 

This is also the case when G = {1} in our framework in Section 12.11 and 12.21 Then we 

can identify G with Z^i and denote u = [ ] = [ ] by 3 = ■ ■ -^g^,. Then 

'K*{G) coincides with the quasi-shuffle algebra Ji* encoding MZVs [221 123] through the 
identification ■ ■ 'isk ^ ^si ■ ■ ■ ^s^- We will use 3^^ ■■■35^ in place of ■ ■ ■ to avoid 
confusion with the vector {zi, - ■ ■ , Zk) in z7. CK* contains the subalgebra 

:KS := Z © Z{3,, ■ ■ -3, J ^ 1, si > 1, 1 ^ z ^ /c, A; ^ 1}. 

Likewise the shuffle algebra 'K"^{G), when G = {!}, coincides with the shuffle algebra 
"K^ [23] encoding MZVs, and there are subalgebras 



:K^:= ZexoIK^'xi C J{T:= Z© ^{"'xi C 

where CK™ coincides with [K™(G) defined in Eq. ([6]). The natural isomorphism 77 : CK™ ^ [K* 
of abelian groups in Eq. f|T3|) restricts to an isomorphism of abelian groups 

T] : :Ko ^ 3<o, a;o'~"^a;i ■ ■ ■Xo'=""^xi ^ 3si ■ ■ ■3sfe- 

With the notation 3'm^3" := r]if]~^id') ^V~^id")) from Eq. ([14]), the double shuffle rela- 
tion of MZVs is simply the ideal generated by the set 

and the extended double shuffle relation of MZVs [23] is the ideal generated by the set 

{3' 3" - 3' * 3", 3i 3" - 3i * 3" I 3', 3" ^ ^o}- 

While the product 3' * 3" simply follows from the quasi-shuffle relation, the evaluation of 
3' 3" involves first pulling 3' and 3" back to by 77, then expressing the shuffle product 
77(3') in 77(3") as a linear combination of words in M{xo,xi), and then sending the result 
forward to "Kq by 77. While this process can be defined recursively (see Proposition 14. 3p . 
the explicit formula is found only in special cases, such as when 3' = 3^, 3" = 3s are both of 
dimension one. As we have discussed in the Introduction, the explicit formula in this case 
is Euler's formula in Eq. ([1]). 

Our Theorem 12.21 provides an explicit formula for and hence for the shuffle product 
of MZVs in the full generality. 
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Corollary 2.5. Let f E Z^^ and s E TL^-^-^ with r\,s\ ^ 2. Then 

where c^^'g'^\i) is given in Eq. ^3\j■ 

See Section 12.41 for its specialization to Euler's decomposition formula and other special 
cases. 

Proof. Since C(r) = Li^(ty) and C,{s) = Lig{z) where the vectors and z have 1 as the 
components, the vectors tZ?*(^^^)Z also have 1 as their components and thus are independent 
of the choice of {^p,ip) E 3k,t- Then the corollary follows Corollary 12.41 □ 

Between the case of MZVs and the case of MPVs, there is the case of alternating Euler 
sums, defined by 

ni nt 

C(si,- ■■ ,Sfc;cTi,- ■■ := > — 

where Oi = ±1, 1 ^ i ^ k. This corresponds to the case when G = {±1} in our framework. 
More generally when G is the group of k-th roots of unity, we have the multiple polylog- 
arithms at roots of unity [27] . We will not go into the details, but will give an example 
in Eq. fl30|) that generalizes Euler's formula. 

2.4. Examples. We now consider some special cases of Theorem 12.21 Corollary 12.41 and 
Corollary [231 

2.4.1. The case of r = s = 1. In this case r = ri and s = si are positive integers, and 
w = wi and z = zi are in G. Let t = (ti, ^2) £ Z>i with ti + 12 = ri + si. If (v?, ip) E Ji,i, 
then either = 1 and ^^(1) = 2, or ^{1) = 1 and ^^(1) = 2. If (/^(l) = 1 and = 2, 
then by Eq. (fT9|) . we obtain 

= (:;:;). ^r^fw = (..,:_;:_,.) = i 

and thus 

By Eq. ([22D, we have 

W'k(^ip,^(,)Z = {Wi, Zi/Wi). 

If ^{1) = 1 and (/?(!) = 2, then by Eq. ([THj), we obtain 

= (;;:;). ^Sfp) =(,.,::.:_..) = i 

and thus 

cSf=cSf(i)ct^-f (2) = (;;:;). 
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By Eq. fl22l) . we have w*(ip,^)Z = {zi,wi/zi). Therefore, 



ti,t2>l,ii+t2=r-i+si ^ ^ ti,t2^1,ti+i2=ri+si ^ ^ 

= y f'^-^V ]+ V ] 

^ — ^ Vti-ri / «)i,2i/«)i — <' / zi,wi/zi J 

E( ri+fc-l\ r ri+fc,si — fc i ^ / si + fc-l\ r si+fc,ri-fc i 

V fc / wi.^i/iiJi J ^ \ k / L 21,101/21 J 



fc=0 ^ ^ fc=0 

by a change of variables k = ti — ri for the first sum and k = ti — si for the second sum. 
Then by Corollary 12.41 we obtain the following relation for double polylogarithms 

Lir^(wi)Li^^(2;i) = ^ ( ""^"^ ^ j Lir^+fc,si-fc(wi, 2:1/^1) +X]f j Li^j+^.n-fcl^i, ^1/2:1), 

A:=0 ^ ' k=0 ^ ^ 

where ri,Si ^ 1, Wi, Zi G 5^ and (ri,Wi) 7^ (1,1) 7^ (sij-^i). In the special case when 
Wi = ±1 and Zi = ±1, we have the following relation for alternating Euler sums 

Sl~l / x 

|C(ri + k,si- k;wi,zi/wi) 



C{ri;wi)C{si;zi) =J2[^ M' 

k=0 ^ ^ 



(30) 



k=0 

when ri, Si ^ 1 and (ri, t^i) 7^ (1, 1) 7^ (si, ^i). 

Further specializing, when ri,si ^ 2 and wi = 2:1 = 1, we obtain the decomposition 
formula of Euler in Eq. ([1]) . 



2.4.2. The case 0/ r = l,s = 2. In this case [ ^ ] = [ ] ^^'^^ [ ^ ] ~ [ ]• ■'^^^ 



''M and r 1 = r 

■Wl -' Z -' '-21,22 

^ = (tlyh, ts) £ with ti + t2 + ts = ri + si + S2. There are 3 pairs {ip, ip) in 3i^2- 
When (^(1) = C^/'(l) = 2 and ?/'(2) = 3, by Eq. 1^, we have 



- (:;:;). - (,.,r:.J, (3) - (::; 

When the second and the third terms are nonzero, we have ti + t2 ^ ri + S2 and ^3 ^ S2- 
Then the inequalities must be equalities and we have cl!^'^g^\'2) = c*f s''^'' (3) = 1- Thus 

cSr^ = o^f\^) iT^^) = ( (--0 ' '^''^ 

y 0, otherwise . 

By Eq. ([22]) we have 

W-k(^^^^)Z = {wi,Zi/wi,Z2). 

Similarly, when <^{1) = 2, = 1 and = 3, we have 

J,{V^,i,) _ ( t,~l \ ( t2-l 



Sl-1 / \ S2~t-j, 



W-k(<p,i,)Z= {Zi,Wi/Zi,ZiZ2/Wi), 
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and when ip{l) = 3, ipil) = 1 and = 2, we have 



1, W-k{^,i,)Z={Zi,Z2,Wi/{ZiZ2)). 



Combining these computations with Corollary 12.41 we obtain, for ri,Si,S2 ^ 1 and 
{ri,wi) ^ (1,1) 7^ 



t2,S2}{Wl, Zi/Wi, Z2) 



ti+t2=ri+si 



tl+t2+t3 
=ri+si+S2 



Si-1 / \ S2-t3 



I^iiti,t2,t3){zi,wi/zi, Z1Z2/W1) 



Sl-l / \ S2 



^ \]'^Hh,t2,t3)iZuZ2,Wi/{ZiZ2)) 



Taking Wi = Zi = Z2 = 1 (or by Corollary 12. 5p we obtain the relation in Eq. ([3]) among 
MZVs. 



2.4.3. The case of r = s = 2. In this case [ ] = [ ^^'^^ ] and [ * ] = [ ]• Let 

'- Wl,W2 Z -' Zl,Z2 

4 



t = (ti, ^2, ^3, ^4) £ ^j>i with ti + ^2 + ^3 + ^4 = ''"1 + ^^2 + Si + S2- Then there are 

choices of (v^, V") ^ ^2,2- 

If ip{l) = 1, if (2) = 2, ^(1) = 3 and -^{2) = 4, by Eq. we have 

' \ ri — 1 / ' \ r2 — 1 



When the third and fourth terms are nonzero, we have ti +^2 + ^3 ^ Ti +r2 + Si and ^4 ^ S2. 
Hence they must be equalities and thus c^^g'^\3) = c^^g'^\4:) = 1. Then 

4^'^^ = #'''^(2) 4^'^H3) 4? '^^4) = I (n-l) (''ll) ' = 



0, otherwise. 



Similarly, if (^(1) = 3, (^(2) = 4, ?/;(l) = 1 and ^^(2) = 2, then 

J,{v,i^) _ J if t4 = ^2, 



0, otherwise. 

If = 1, v?(2) = 3, i^il) = 2 and ?^(2) = 4, then 

_ / / ^2-1 \ / t3-l 



ri-1 / V ti+t2-ri-si I \ S2-t4 
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If = 2, ip{2) = 4, ^{1) = 1 and ^^(2) = 3, then 



t2-l 



If = 1, ^(2) = 4, ^(1) = 2 and ^(2) = 3, then 



ti-l \ I t2-l \ / t:i-l 
ri-1 I \ ti+t2-ri-si I \ S2-1 



If </?(!) = 2, Lp{2) = 3, = 1 and ip{2) = 4, then 



t2-l 



Si — 1 / \ ti+t2—ri—si I \ r-2 — 1 



ki-l 



Then from Corollary 12. 5[ we obtain Eq. (j4j). We likewise obtain formulas for the products 
of double multiple polylogarithms and those of double alternating Euler sums. 



In this section we prove some properties of the coefficients c^^g'"^^ in our Theorem 12.11 and 



3. Preparational lemmas 

le properties of the coefficients 
Theorem 12.21 in preparation for their proofs in the next section 

We recall some notations from Section E^l Let kj^l^re TL%^, sE Zi^, te Z^f with 
1^1 = |r| + |.?| and {(p, ifj) G dk^e be given. For 1 ^ i ^ k + i, denote 



(31) 



''(</?, i/'),(r,s),i 



rj if i = (p{j), 
sj if i = 



We note that, if we define 

(32) i^^A^) 

then Eq. (fT9|) can be rewritten as 



(33) 



i i 



1 if i G im((y9), 
— 1 if z G im(-?/^), 



if i = 1 

or if z ^ 2 and e^^^{i)e^^^{i - 1) = 1, 



if z ^ 2 and 



-1. 



Also recall 



k+l 
i=l 



t ■ 



For the inductive proof to work, we also include the case when one of /c or £ (but not 
both) is zero which corresponds to the case when /I or i7 G 5{o(G) is the empty word 1. We 
will use the convention that = {e} and denote |e| = 0. When = 0, £ ^ 1, we will also 
denote r = e, denote f : [k]{= ^ [k + i] = [i] and denote Jq^i = {(f, id[£])}. Similarly, 
when £ = 0, /c ^ 1, we denote s = e, f : [i] ^ [k + i] = [k] and "Jkfi = {(id[fc], f)}- Then the 
notations in Eq. fl3T]) - fl33|) still make sense even if exactly one of k and i is zero. More 
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precisely, when k = 0, i ^ 1, we have /i(f,id[f]),(e,s),j = Si, £:f,id[f.](0 = 1 ^ i ^ i. Also, for 
any s and t E Z^^^ with |s| = we have 

e 



(34) ^^-.V ^ _ 



i=l ^ ' ^ i=\ 



Similarly, if s = e, then for any f,t E l^'^i with \f\ = \t\, we have /i(id[fc],f),(r,e),j = fi, 
£id[fc],f(^) = 1, 1 ^ i ^ /c and 

(35) 4r'^"'^=n5*:. 



We first give some conditions for the vanishing of c^^g'^\ 

Lemma 3.1. Let k.l ^ 1. Let r e Z^^, s G Z^>i anc? f G Zg^ wi/i jr] + [s] = Lei 
((/?, ^Z') G Jfc,^. r/ien c/g''^^ 7^ anc? on/i/ z/, for 1 ^ i ^ k + i, 

U ^ hi^ip,i>),i, if i = ^ or if 2 and e^^^{i)e^^^{i - 1) = 1, 

i i i— 1 

^ Yl ^M),] > Yl tj^ ^/^ ^ 2 and e^^^{i)e^^^{i - 1) = -1. 
j=i j=i j=i 

Proof. By definition, c^^g'^^ 7^ if and only if c^^g''^\i) 7^ for every i G [/c + £]. Also 
7^ if and only if a ^ 6 ^ 0. Then the lemma follows since 

t,; — 1 > h(,„oi,\i — 1 > 0] ^ { ti > h(,„,i,\_i > 1 



{'P,ip),i — ^ ^ 

and 

i i i— 1 1 i i 

i=i j=i j=i j=i j=i j=i 

□ 

Lemma 3.2. Lei k,£,f,s,t be as in Lemma \3. 1\ 

(a) Let {(p,ip) G Jfc,^. //v^(l) = 1, Si = 1 and ti > ri or if ip{l) = 1, ri = 1 and ti > Si, 



then 



^r,s ^• 



(b) Ifti < min(ri, Si), then c^^g''^^ = for any {(f^ifj) G Jk/- 

Proof. We only consider the case when (f{l) = 1, Si = 1 and ti > ri. The proof of the 
other case is similar. Since ^p{l) = 1, we have ip^l) > 1. This means that = Tj for 

1^2^ — 1 and /i(<^,^,),V)(i) = si. Suppose c/g''^^ 7^ 0. Then by Lemma [STTl we have 
ti ^ Ti for 2 ^ i ^ "^(1) ~ 1 Ei-iid Y f^j + Si > ^ by taking i = From these two 

inequalities, we obtain ri + si > ti and hence ri ^ ti since si = 1. This is a contradiction. 
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If ti < min(ri, Si), then ti < So by Lemma [STTj for every ^p) E "Jk/ we have 



(^'^'^ =0. □ 

We next give some relations among the numbers c^^g'^^ (i) as the parameters vary. 

Definition 3.3. Let e\ denote (1,0, ■ ■ ■ , 0) oj suitable dimension. So for any vector x = 
(xi, X2, - ■ ■ , Xk) and a E Z, we have 

X - aei = {xi - a,X2, - ■ ■ , Xk). 

Define 

~ (-^15 ■ ■ ■ ! ^fc-l) (^2, ■ ■ ■ , Xk) 

with the convention that (xi)' = e. For a function f on [k], let /" and f^ be respectively the 
functions on [k — 1] and [k] defined by 

/«(x) = /(x + l)-l, f\x) = fix)-l 

with the convention that [0] = and that, if f is a function on [1], then f^ = f. Let f^ and 
f* be respectively the functions on [k + 1] and [k] defined by 

/^(l) = 1, /^(x) = /(x - 1) + 1, r (y) = f{y) + 1, 2 ^ X ^ r + 1, 1 ^ y ^ r. 
Also define 

Jfe/,<p(i)=i = {(v^,^) e 3k,i I ^{l) = 1}, Jfc/,^(i)=i = {(v^,^) G "Jki I ip{^) = !}• 
Lemma 3.4. Let k,i^ 1. The map 

is a bisection whose inverse is given by 

('^, *) : "ik-ii \£,¥P(i)=i, (v^, ^) ^ (v^'^, ^*)- 

Similarly, the map 

(\ ") : Jfc/,V'(i)=i ^ ^M-i' (V^' ^) ^ (V5^ ^'') 
zs a bisection whose inverse is given by 



Proof. From the definition we verify that 



and 

i*)i^k-l/) ^ Jfc/,(/3(l)=l- 

Then to prove the first assertion we only need to show that {'^'^)^ = </3 and (tjj^)* = tjj ii 
if{l) = 1, and that (v^'^)" = f and = ip. We just check the first equation and leave the 
others to the interested reader. First we have {(p^)^{l) = 1 by definition. Since v^(l) = 1, 
we have {ip^)^{i) = ip{i) when i = 1. If z ^ 2, then by definition we have (p^{i — l) = ip{i) — 1 
and {Lp^)^{i) = Lp^{i — 1) + 1 = (p{i), as desired. 

The proof of the second assertion in the lemma is similar. □ 
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Lemma 3.5. Let k,i,f,s,t and (v^,'?/') be as in Lemma \3. 1\ 

(a) Let a and h he integers such that a < min(ti,ri), b < min(ti, si). Then for all 
i & {2, ■ ■ ■ , k + £} , we have 

and 

(b) If (p{l) = 1 and ri = ti = 1, then 

(36) 4^'^\z + 1) = 4,f'^'\^, + 

with the notations in Definition \3.3[ Similarly, ifip^l) = 1 and Si = ti = 1, then 

(37) 4f^\z + 1) = 4jf'^'\^, l^z^k + i-1. 



Proof, (jaj) We prove the first equality. Tlie proof for tlie second equality is similar. Since 
a < min(ri,ti), we have r — aei G and t — aei E Z^^^. For better distinction, we will 
use the full notation /i((p,,/,),(r,s),j defined in Eq. (13T]) instead of its abbreviation /i(<^,^),j. Then 
we have 

Let i E {2, ■ ■ ■ , k + £}. If e^^^{i)e^^^{i — 1) = 1, then i ^ v^(l). Indeed, \i i = </?(!), then 
I — \ must be in im('0), implying that e^^^{i)e^^^{i — 1) = —1. Thus 

If e^p^^{i)e^p^^{i — 1) = —1, then either i = ip{j) or z — 1 = (p{j) for some j G [k]. In either 
case, we have i ^ (p{l) since ip keeps the order. Thus by Eq. (1551) . we have 

i i 

^((/3,-0),(r-aei,s),j = ^((p,i/)),(r,s) j ~ O- 

j=i i=i 

So 

\ j = 2 j = l / ^j = l j = l / 

© Let (^(1) = 1 and ri = ti = 1. By Eq. ([M]), for 1 ^ z ^ A; + £ - 1, 



_ Tj if z + 1 = (p{j) _ j r^._i if z = (^(j) - 1 

MUr,^,^+l I s . if z + 1 = I s^. if , = ^(^■) _ 1 

r;. if z = (^(j + 1) - 1 ^ r r;. if z = (^«(j) 

if z = - 1 \ if z = ?/^^(j). 
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Thus 

(39) ^(</3,»/'),(j",s),j+i = ^(iptt,,/,b),(r?',^),i, l^i^k + £ — 1. 
Also, for 1 ^ i ^ /c + £ — 1, since (f{l) = 1, we have 

1 + 1 e im{ip) 2 + 1 = ip{j),j e {2, - ■ ■ ,k} i = ip\j - 1), j ~ 1 e [k - 1] i e im{(p^). 
Similarly, i + 1 E im{ip) i E im{ip'^). Thus 

(40) e^^^i + 1) = e^t,^^{i), l^i^k + £-l. 

We now verify Eq. ( 1361) for i = 1. Since ^p{l) = 1, either 2 = ip{2) or 2 = ipil). If 

2 = (/p(2), then e^,^(2)e^,^(l) = 1 and so 



''r,s 



(2) 



r2 — l 



ci:;r^^^Hi). 



If ipi'^) = 2, then e<^^^(2)£:(p^^(l) = —1. So by the condition that ri = ti = 1, we obtain 



'(2) 



t2-l 



t2-l 
t2-Sl 



t2-l 

si-1 



si-1 



Next consider i ^ 2. By Eq. fl39|) and Eq. pol) . we have 



c 



i + l) 



ti + l — ^ 



i + l i + l 

J=l j=l 

'''(iptt,^/>),(r',s),i^"'" 



if £<^,^,(z + 1)6^,^(0 = 1, 
if e^,^p{i + l)e^^^{i) = -1, 
if e^B,v,b(i)e<^B_^b(i - 1) = 1, 
if e^tt^^b (0^<^«,^^ (^ - 1) = - 



since ti = 1 and /i((p,^),(r,s^,i = ri = 1. Therefore, we have c^^g'^\i + 1) = c^,'^f"'^ '[i) when 
i^2. 

The proof for Eq. (1371) is similar. □ 

Lemma 3.6. Let k,i,'r,s,t and {<^^ip) he as in Lemma \3. 1\ 
(a) Suppose that ri ^ 2 and si ^ 2. Ifti ^ 2, then we have 



(41) 



(42) 



r,s r—ei,s ' •r,S—e\ 



If ti = 1, then we have 
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(b) Suppose that ri = si = 1. If ip{l) = 1 and ti = 1, then we have 

(43) 4?'^) = ci:;f'^^) 

with the notations in Definition \3.3[ If = 1 and ti = 1, then we have 

(44) 4^'^) = c^^r 
Ifti ^ 2, then we have 

(45) 4^'^^ = 0. 

(c) Suppose that ri = 1 and si ^ 2. If Lp{l) = 1 and ti = 1, i/ien we have 

(46) 4^'^) = c*: J" 

If = 1 an(i ti = 1, then we have 

(47) c^P^^ = 0. 



Similar statements hold when ri ^ 2 anc? Si = 1. 
Proo/. (ilj) If ip{l) = 1, then 

= (:;:;) = (:;:^) + (:;:5) -<f:!iS'"m+4^it'"m- 

Similarly, ii = 1, we also have 

In either case, by Lemma [3.5[ ([al) we have 

#'"H^) = cfcJ:rHo = ctjf^)(^) 

when i G {2, ■ ■ ■ , /c + £}. Hence 



i=l 

k+e 



i=2 

i=l i=l 
r~ei,s ' r,s—ei 

This proves Eq. fj4T]) . Eq P2l) follows from Lemma 13.21 (jb]) . 
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(jb]) First we assume that ti = 1. For {(p, ip) G Jfc/, either Lp{l) = 1 or ipil) = 1. If (p{l) = 1 
then 

- (:;:;) - (: 

and by Lemma [3.5[ (lb1) we have 

4.'r'(' + i) = 4';';'*''(i). 

Hence 

k+e k+i k+£-l 

i=l i=2 i=l 

This proves Eq. (H3l) . The proof of Eq. (jUl) is similar. The equahty for ti ^ 2 follows from 
Lemma 13.21 (jaj) . 

(E]) Suppose that ri = 1 and si ^ 2. 

Case 1: ti = 1. We consider the case of (p{l) = 1. By Lemma [3.51 (Ibll we have 

=4::';' *"'(«). 



Combining this with 



4^(1) =(:;:; = : 



we obtain 



k+e k+l~l 



fi=l i=l 



This proves Eq. ( l46l) . If = 1, then 



since Si — 1 ^ 1 and so c^^g'^^ = 0, as needed. 

Case 2: ti ^ 2. We will consider the four subcases when = 1 and ti < si, when 
= 1 and ti > si, when ip{l) = 1 and ti = Si, and when (^(1) = 1. 
If ip{l) = 1 and ti < si, then 



f,s fjS—ei 

by Lemma [3.1[ If ipil) = 1 and ti > Si, then by Lemma [3.2[ ([ai) we also have 

r,s r,s—ei 

So in these two subcases fHHj) holds. 

Now if '0(1) = 1 and ti = Si, then 



If </?(!) = 1, then since ri = 1, we have 
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In both subcases, by Lemma [3.5[ ([al) we always have 
for 1^2. Therefore, 

k+l ^ k+l 

f,s ~ 11. r,s VV — XXV,s-ei I''/' ~ V,s-ei 
i=l 1=1 

This proves (HHl) . 

The proof for the instance of ri ^ 2 and Si = 1 is similar. □ 

4. Proof of the main theorems 

We first show that, under the condition that G is an abelian group. Theorem 12.11 and 
Theorem 12.21 are equivalent. Then we only need to prove Theorem 12. 1[ This is done in 
Section 1121 

4.1. The equivalence between Theorem 12.11 and Theorem 12.21 We start with a 
lemma. 

Lemma 4.1. Let G be an abelian group. With the notations in Eq. [W^] . (11) and 
we have 

(49) 6'(am(^,^)6) = 6'(a)*(^,^)6'(fe). 



Proof. Let w = 9{a) and z = 9{b). Then by Eq. (fT2l) . we have Wj = l/oi when j = 1 and 
Wj = aj-i/uj when j ^ 2. Similarly, zj = 1/bi when j = 1 and zj = bj-i/bj when j ^ 2. 
Recall Eq. I^: 

aj if i = (p{j), 



When z = 1, we have 

n t:\-i f '^r^ = ^1 if 1 = </2(l) , ^ ^ 

o'(ani(^^^)&ji - (^ain(^^^)£»ji - I 5-1 = if 1 = ?/;(l) " '^^'*'('/'-'/')^''l• 
Next let z ^ 2. Assume that z G im{ip), say z = (y9(j) for some j E [k]. If z — 1 G im{(p), 
then j ^ 2 and z — 1 = 9?(j — 1). Thus 

U[am^^^^)b)i - — ^ - — — - Wj. 

If z — 1 G im(?/^), then z — 1 = ?/'(z — j). Thus 

A (^"^ (</5,t/.)&)i-l ^i-j {Zi-- ■ Zi^j)-'^ Wi--- Wj 

U[amf^MO)i — — — — — — - — . 

(am(^,^,)6)i aj {wi---Wj) zi---z,-j 

Hence by Eq. (|22D. 

^(am((^_^)6)j = (w*(^,^)2)i 

when i G im(y9). A similar argument shows that the above equality also holds when 
i G im{ip). This proves (1491) . □ 
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Proposition 4.2. When G is an abelian group, Theorem \2.2\ is equivalent to Theorem \2.1\ 



Proof. From the definitions of ^, and uip , we see tliat 6 is an algebra isomorpliism from 
•K^P [G) = (:K(G), uip ) to IK"^" (G) = ). So for any [ ^ ] , [ ] G Jf"'" (G), 



rGZ^+^|^I=|rl + |sl 



a » am/,,,;,-|0 



(v,i>) 



fez^f ,|tl=|r1+|.1 



^ [ M-J ' 1= y * ^ 1 (by Eq. ii). 

Tez^f ,|£l=|rl+|Jl 

Then the proposition follows from the bijectivity of 6*. □ 



4.2. Proof of Theorem 12.11 In this section we prove Theorem 12. 1[ We first describe 
recursive relations of mp that we will use later in the proof. 

Let "K"^^ +(G) be the subring of IK"'" (G) generated by [ ! ] with s e Z^^, 6 e G^ A; ^ 1. 

Then 

Define the following operators 

P ■■K'^^^iG) ^■K'^^iG), Pi \ ]) = \ n 

Q,::K^^(G)^:K^^iG), g^ir;'"'? = ]' q^(^) = [1]- 

bi,--- b,b]_,--- ,bk -' ^ b -' 
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Proposition 4.3. The multiplication uip on 'K'^p (G) defined in Eq. [T^ is the unique one 
that satisfies the Rota-Baxter type relations |16j ; 

P(ei)n:pP(6) = P(eimpP(6)) +P(m)-p6), ^1,6 G :K-''+(G), 
Q6(6)nipP(6) =Q6(6n:pP(6)) +P(Q6(6)nip6), 6 ^ ^^-''(G),^ € J^'^+IG). 

wi/i i/ie initial condition that lmp,^ = ,^nipl = ^ for ^ G ^-f'"'' (G). 

Proof. Let be the subring of generated by words of the form uxb with 

beG. Then _ _ 

=Z© 

Define operators 

Jo ::k^+(g) :kt(G), /o(m) = xo^, 

XfoM, M 7^ 1, 
Xb, M = 1, 

for 6 G G. Then the well-known recursive formula of the shuffle product 

(aia) m (bib) = ai(ain (6ib)) + 6i((aio) m b), ai, 61 G G, a, b G M{G) 
can be rewritten as the following relations of Jq and /„, /;,, a,b ^ G, 

Io{u)uiIo{v) = Io{uuiIo{v)) + Io{Io{u)uiv), u,v & :K^ + (G), 

4(M)inJfe(i;) = 4(MmJb(t;)) +/;,(4(M)mt;), U.ve'K'iiG), 

h{u)mh{v) = Io{umh{v))+h{h{u)mv), M G ^ (G) , G ?{T(G) , 
Jf,(M)m/o(t;) =/6(MmJo(t;)) +/o(/6(M)mt;), M G J{T(G) , G +(G) . 

Under the bijection p : J{T(G) ^ :K^'' (G) in Eq. ([T3l), Jq and Jfc, 6 G G, are sent to P and 
Qb, b E G, respectively. Further the relations in Eq. fISUl) for Iq and J;,, b E G, take the form 
in Proposition 14. 3[ Finally, since m is the unique multiplication on J{ i'(G) characterized by 
its recursive relation Eq. (l50l) and the initial condition Imu = uml = u, mp is also unique 
as characterized. □ 

For b G G^, recall the following notation from Definition 13.31 

6' = (6;,---,6Li) :=(&2,---,&fc) 

with the convention that b' = e when k = 1. In the proof for Theorem 12.11 we also need 
the following lemma. 

Lemma 4.4. Let te a e G^ and be G^. 

(a) For any {(p, ip) G Jfc-i/ we. have 

(51) QaA[., ' ,])=U ^'"^ ,] 

wi/i i/ie notations in Eq. anc? Definition \3.3[ 
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(b) For any {ip, tp) G Jfc/_i we have 

(52) g.,(U ' ,J)=U ^''^ r]- 

Proo/. (jaj) Let w = (wi, ■ ■ • ,Wk+i-i) := a'm(<^^^)6 and f = (n, • • • ,rfc+£) := am (<^&^^.)6. 
By the definition of Qai-, we only need to prove that 

ai if i = 1, 
Wi-i if i ^ 2. 

Since (^"^(l) = 1, we have ri = ai. Now let i ^ 2. We have i G im((/3'^) or i G im('?/'*). If 
i G im(99'^), say i = ip^{j), then 2—1 = — 1). Thus we have = aj and ti7j_i = a^„;^ = aj. 
This shows that Tj = -ojj-i. If i G im('i/;*), say i = then i — 1 = ip{j). Thus Tj = hj 

and Ct7i_i = 6j again showing Tj = ti7j„i. 

(jbj). The proof is similar to that for Item. ([aj). □ 

Proof of Theorem \2.1\ We prove the extended form of (12T|) where one of k and but not 
both, might be zero. We prove this by induction on |?^ + |s| ^1. If |?^ + |s| = 1, then exactly 

one of k and I is zero. So exactly one of T 1 and T * 1 is the identity 1. Then by (1511) 

and (l35l) . there is nothing to prove. For any given integer n ^ 2, assume that the assertion 
holds for every pair (r, s) with |r| + |s| < n. Now consider r and s*with |^ + |s| = n. If one 
of /c or £ is 0, then again by flMl) and fl35|l there is nothing to prove. So we may assume 
that k^l^l. There are four cases to consider. 

Case 1. ri ^ 2 and si ^ 2. Then by Proposition 14.31 and the induction hypothesis, we 
have 



= n[ 7']) 7']) 



It|=k1+k1-i 



y r eus r,s ej_Jl aiU{^,^)b J 

|f| = |r^ + |^-l 



E E (4"lt^^ + 4Tf''^)U * , 

^ r ei,s r,s ei Snif^^ib 

|f| = |r^ + |^,ti^2 



E E 4!^''' [J (byEq.iH)) 

\t\ = \f] + \s\,ti^2 
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\t\=M+\s\ 

Case 2. ri = si = 1. We will use the notations f', s', a' and b' in Definitions 13.31 Then 

It1=k1+|s1-i 



Itl=k1+|s1-i 

^-^ ^-^ ^ L am, f, ^ 



am, 4j 



+ E E (byEq.dSBandia)) 



|tl=H+|.i-i 

J^(<p«,i/;") r (l,t) 



= E E ^] 



'^(1)=^ |tl=|rf+|.1-l 

+ E E ^''*^^] (by Lemma [33D 



EV^ (l,t),{¥>,^) r 1 
'^(1)=^ |tl=|rf+|.1-l 

+ E E 4;.^'^^'^L^m'l.] (by Eq.il and 

V'(l)=l |t>|r1 + |sl-l 



|tl=kf+l^1-i 
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\i\=\r\ + \s\,ti=l 
\t\ = \r\ + \S\ 



Case 3. ri = 1 and si ^ 2. With the notations in Definitions 13.31 we write r = (l,r'). 
Let a' = (a2, ■ ■ ■ , a^). Then 

[:].,[f]=Q„.([:;]).,p([7']) 

= Q„([;;]„,[!])+i'([;]„,[7]) 

- Q.( E E 4r 

|t|=|rVN-l 

^Pi. E E 



l«I=M+l«l-i 

^ ^ r ,s I 5m 6 J 

|tl=|rl + |sVl 



|il=|rl + |sl-l 



+ E E c/f;'^^ r ^^"^ ^ 1 (by Lemma 

|il=k1 + l«1-l 

EV^ (l,f),(</=,t^) r (l,t) 1 

/ J r,s I ptuj hi 

+ E E g] (by Eq. in]) and (SHD) 

|iI=k1 + N1-l 



EXPLICIT DOUBLE SHUFFLE RELATIONS AND EULER'S FORMULA 



27 



\A=\A+\s\-i 

|tl = |rl + |.1-l 



E E 

|tl=|rf+|sl 



Case 4. ri ^ 2 and si = 1. The proof for this case is similar to that for Case 3. □ 

5. Appendix: a shuffle formulation of the main formula 

The main body of the paper does not depend on this Appendix. Here we give another 
formulation of Theorem 12. II in terms of shuffles of permutations for those who are interested 
in a more precise connection between the main formula and the shuffle product. 

Let integers A;, ^ ^ 1 be given. Let 

S{k,i) : = {ae J^k+e \ ^"^(1) < ■■■ < ^-^(A;), ^-^(A; + 1) < ■■■ < a-\k + £)} 
^^3) -InGT if 1 ^ < ^ A; then , < A 

be the set of (A;, £)-shuffles. 

To state the shuffle form of our main formula we need the following notations. Define 

Let r = (ri, ■ ■ ■ , rfc) G Z^^^ and s = (si, ■ ■ ■ , s^) G Z^^^. Denote 

K = ■ ■ ■ , Kk+i) := (ri, ■ ■ ■ , Tfc, si, ■ ■ ■ ,Si). 
Let a G and 6 G G^. Denote 

7 = (ai, ■ ■ ■ ,afe,6i, ■ ■ ■ ,bi). 

For a G S{k,i) we denote 

dm^b= (7tT(l) 5 ■ ■ ■ 7(T(fc+^) ) • 

We have the following equivalent form of Theorem 12. 1[ 
Theorem 5.1. Let G be a set and let (G) = {^{G), uip) be as defined by Eq. 
Then for l'^] e G'' and [1] e G^ m 'K"'^ {G), we have 



/ u-i \ 

a&S{k,i), i=l ^ i=l ^ 

t&l\\\k=\A+\A 
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(54) 



with the convention that ecr(O) = £:cr(l)- 

Proof. Let "^k/ be as defined in Eq. f|T6l) . We have the bijection between S{k,i) and Jk/ 
given by 

' ifiij) if 1 ^ J ^ fc, 

That is, 

(f'^ii) if « G im((y9), 

/c + '?/'~"^(i) if 2 G im('?/'). 

Thus we have 

_ / ft^^-iCi), « e im((^) _ J r^-i(i), z G im((^) _ 
~ 1 Kk+^~l(^), I G im(V^) ~ 1 « '--^ ^ 1"^^/'^ ~ "(^''^^'^ 



(55) 
and 



Sij-\i), i G im(?/^) 



(56) ^^^^^^^^j 



am 



i G im(v9) _ f a^-i(i), i G im(v9) 
\ i G im(z/') 

By Eq. (l56l) we have 

(57) a m 0-6 = am 

Let ^ip,^ be the function [A; + — {1, —1} defined in Eq. ( !32l) . Then for a = cr^,^, 
e^(z) = 1 ^ a(z) G [A;] ^ z = cr"^(j), J G [A;] ^ z = <^(j), J G [A;] ^ z G im((p) ^ e^,^(z) = L 
So we have 

(58) e„{i) = e^^^ii), l^i^k + i. 

Now our theorem follows from Eq. ( |33l) , (|55l) , (j57l) , ( !58l) and Theorem 12. 1[ □ 
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